
Measure Theory with Ergodic Horizons
Lecture 19

Properties of integrable functions.

Chebycher's inequality.
For each fel'IX

,u) and de 10
,
8]

,
we have

IR

M((x =X : (f(x)) = 2)) = 111f11 - ·--
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In particular ,
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.

e.

Proof
.

& . M(An)=Jadafldmd = l

Cr
.

For each fel'(X
, m) ,

the support supply) : = (xEX : f(x) +P] is - finite form ,

i
. e . supply) = V Ba where each Bu has finite measure.

hEIN

Proof
.

Let Bu := Ann = >xX : /(2) = 1) , 12 ,
Den spp() =WB and M)

= Fillflic4 .

Now we discuss properties of Side viewing At Hide as a mecause Mari

99 % boundedness. For
any
FeL(X

, M) and 230
,

there is a set X'EX such that

fix in bounded andMs dr



Proof
.

It Xn := \xEX : Ifln)
,

hence X=Xu lexcluding a will set
,

which

we ignore
,

so Mp(X) Mp(X) ,
i

.
e

. Side Side ,
have

d for large enough EN
Xu

Mu
, Ifur-fol = Ifuplaa

Not
. Let (X

, 1) be a measurable space. For measures M ,
0 on IX

, B) ,
we say

Kat

h is absolutely continuous with respect to p
,

and write Mass ,
if the wall set

of u are also will set of M ,
i .

e
.

if v(B) =0 New (B) = 0.

We
say What Me and w are equivalent if Mw and om ,

s
.

e. Whey have

the same willsets .

Example .
For each feL(X

,M)
, NM because if M(B) = 0 When M(Bl=Side

a - u(B) = + . p = 0.

The following explains the choice of the term "absolutelyContinuous" :

Prop , let IX
,
B) be a measurable space and M ,

0 measures on it where M is finite.

Then MCP if and only if 19207130 such that v(B)c => &(B)
for all BEB.

Proof
.
This is trivial

.

If o (B) =0 When it follows that (B) < 3 for each 330.



=> We show the contrapositive · Suppose 5330 such that VNx0 = BrEB

such that vlBrl 5 but M /Br) = 2
.

This
says Heat the collection

Ba : = \BeB : M(B) = 3) contains arbitrarily U-small sets land is closed

under steel unions)
.

Thus
, by our first application of Borel-Castelli /Lecture 7),

there is a P-vanishing Sequence (BulEBs ,
i

. e
.
&Ba is -call. But
hE /N

M (Bul = 2
,

so by downward continuity of finite measures
,

we have MIABuld, he
Lance MSU. .

Applying this to My h ,
we get :

S

Cor
.

For each fel'IX
,M) we have FasO 500 ach that

f
M(B)st Sift 13

for all momeasurable BIX. T

Convergence in meccura.

Recall te following example where Iful = LIX,) converges in -room but not ptwise.

We have IlfrOllEIIfulliD so
fu + 10 but (fu) doesn't

-rese pin



However
,

them is a subsequence,
e

. g . Harle ,
that converges to 0 a

.
e.

Turns out this is always true :

Theorem
. Let I, t L'(X

, M)
. If fa- then fanfare. for some subsequence.

To prove this
,

we will study an intermediate notion of convergence ,

which is useful in its

own right : convergence in measure.

Bet Let (X
,g) be a measure space

and f
, g

: X-R momeasurable functions. For each 230,

put Aalf
, y) : = (x e X : (f(x) - g(x)) = 2)

Talf, g) : = M(Aalf, g).

Note
.

For monecurablewets A
,
BEX

, Anl = AAB for all de (0
,

1.
.

Also

PlIA , AB) = MIAAB) = &MCA, B) is our usual pseudo-metric, for all deCO
,

1.

The functions I are not even psendometrics because the triangle inequality
fails : It F = 0

, g
= 1

,
h =2

,
When Self ,g) = 0 = delg ,

h) but Self
,
h)= (x).

However
,

the following "additive" version of triangle inequality holds:

Prop(Quasi-A-inequality for E). For all G
,

B > 0
,
and fig ,

h -measurable fanc



tions
,

we have Adp(f, h) = Ag(f , g) VAp (g ,
h). In particular

Gate(f, h) = ((f, g) + (g ,
h)

.

beau (f(x) = g(x)) + (g(x) - h(x)) = (f(x) - h(x))
Proof

.
For each xeX, ↓
xEAder(f , h) < = (f(d - h(x)k-d+ B => (f(x) - g(x)) + (g(x) - h(x)) = - 2 +9

=>If(x) -y(x)(2d or 1g(d)-h(x)le9.

(=) xt Af(f, 3) VAp(y ,
h)

.

Bef
.

Let (ful
,

f be u-mecurable functions . We
say that (f) converges

tof in measure,

and write foreut, if falt ,
fl-0 for each 220

,
i

.
e .
for each 200,

M((xX : (f(x) -f(x)(z23) -0 as ne &.

Examples.
(2) let fr=A,mi) ,

When fu- > O pointwise
,

but not in (because Ifn-Oll,=I Vn)

and not in measure /because Ex (fn,
0 = 1 (a).

fo f2 f -

f

(b) let fai= n . # 10
, 11]· Then fu-p pointerise and in measure (because

f

Jalin
,of #230)

,
but not in L(because Iltn-0l: 1 Fr).

I I

fo

p I



(c)

-
Then (fn) doesn't converge

at
any point ,

but futyP I because IIAn-Ol = 2
+gi

->@
and fa -O I because Gltu ,

0)-2Logi-> P)
.

We will we next time that in general,

-convergence =>
convergence in measure.


